Experimental studies of the propagation of elastic waves on floating ice sheets were made on the ice of Lake Superior and Lake Cayuga.
INTRODUCTION
During a period of three weeks in February and March 1950, experimental studies of the propagation of elastic waves in floating ice sheets were made on Lake Superior and Lake
Cayuga.
These experiments were designed to study compressional, shear, flexural, and longitudinal surface waves in the ice-water system. In the course of the investigations an air-coupled flexural wave was discovered. Sufficient time remained to firmly establish the existence of this wave by performing additional tests.
The experimental data obtained for air-coupled flexural waves and a brief summary of the theory are given in Part I of this report.
A detailed theoretical investigation of these waves is presented in Part II.
EXPERIMENTAL PROCEDURE
The standard method of seismic refraction measurements was employed in the experiments on Lake Superior and Lake Cayuga. A spread consisting of 8 geophones and 2 horizontal seismometers was placed on the ice surface. Additional data were occasionally obtained from a hydrophone at various depths in the water and a microphone in the air. Shots consisted of blasting caps or 4 lbTNT demolition blocks detonated at various depths in the water, in the ice, and at various heights in the air. The spread interval varied during the course of the experiments, and shot distances ranged up to 7,414 ft. The instant of the explosion was transmitted to the recording truck by wire.
Two types of ice were encountered during the tests. Near shore a rough, hummocky ice sheet was found in which thickness variations of up to 50% were not uncommon along a profile. About a mile off shore a smooth newly formed ice sheet was found. Ice thickness varied 15% or less in the smooth sheet.
*Panusctipt received for publication 18 July 1950.
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FLEXUBAL WAVES
A typical record of flexural waves for a shot consisting of a blasting cap exploded at the under surface of the ice at a spread distance of 4614-5014 ft is shown in Fig. la . he ice thickness averaged 1.1 ft and the water depth 126 ft.
Flexural vibrations in a floating ice sheet are essentially surface waves analogous to gravity waves on water, Rayleigh waves on the surface of an elastic solid, or to flexural waves in a rod or thin plate. Ewing and Crary' made a detailed investigation of these waves. They derived equations for phase and group velocity as a function of frequency, taking gravity, compressibility of water, and finite water depth into account. Their observations of dispersion of flexural waves on lake ice agreed quite well with the theoretially derived dispersion curves.
An expression for the phase velocity c of flexural waves is easily derived 2 for the where Y is the ratio of ice thickness H to wavelength X , and is related to frequency f by the equation Y = Hf/c, v P is the velocity of longitudinal waves in the ice sheet, v. is the speed of sound in water, g is the gravitational constant, and P., Pi are the densities of water and ice respectively. It can be seen from Eq.(l) that for large wavelengths (Y small), the phase velocity is small, approaching ';he value g4X/2-7 of gravity waves on deep water. As the wavelength decreases (7 increasing) the phase velocity increases. The gravity term in Eq. (1) can be neglected for wavelengths (or frequencies) for which Y > 0.02. Group velocity V can be computed as a function of ^ from Eq. (1) and the familiar expression
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In Fig. 2 dimensionless phase and group velocity curves computed from Eqs. (1) and (2) are plotted aga~lst Y for the case v= 11,500 ft/sec, VW = 4650 ft/sec, p,/pj 1.0904.
The dispersion observed on the seismogram of Fig. la is plotted as Fig. 3 . Good agreement with the theoretical group velocity curves for H ' 1.0-1.1 ft is found. Records of flexural waves illustrated in Fig. la were obtained for all shots located either in the ice or in the water. The amplitudes decreased as the depth of the shot increased, waves of higher frequency decreasing more rapidly than those of lower frequency, as one would expect from theory. Dispersion was found to be independent of distance provided shot distances were sufficiently largq for the dispersion pattern to develop (> 500 ft).
AIR-COUPLED FLEXURAL WAVES
A pronounced change in record character was observed for shots fired on or above the ice surface. waves can be given with the aid of the classical theory of travelling disturbances.
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S If the reaction of the surface wave on the air is neglected, the air wave can be treated as a pressure pulse travelling over the surface of a dispersive medium with velocity v e .
We can think of the air wave as imparting a succession of impulses at infinitesimally small, equal intervals of time as it moves over the surface. Each impulse produces a dispersive train of waves. Superposition of the successive wave systems results in reinforcement only for those waves whose phase velocity is equal to the velocity va of the air pulse. the waves thus produced have a discrete frequency which can be obtained from the phase velocity curve of the dispersive medium from the value 7 corresponding to c = v (Fig. 2) . Since waves of a given frequency propagate with the group velocity associated with that frequency, the induced constant frequency surface wave will precede or follow the air wave according as U > c or U < c. Group velocity exceeds phase velocity for flexural waves, and accordingly an air shot can be expected to produce a train of constant frequency waves ending abruptly with the air wave. Air-coupled gravity waves and surface elastic waves would follow the arrival of the air wave.
Possible existence of air-coupled Rayleigh waves was discussed briefly in Bateman.6
If the air-ice-water system is treated as a single acoustic unit, one can derive phase and group velocity curves analogous to those presented in Fig. 2 .he remaining portions of the group velocity curve. For an ice or water shot the complete theory indicates that the constant frequency waves are vanishingly small and waves following the part of the group velocity curve to the left of the maximum predominate. It should be noted that the dispersion in these waves for frequency f < f. is almost identical to that obtained from the group velocity curve of Fig. 2 , which was calculated under the assumption that air had negligible effect: on flexural waves. Thus it is only for an air shot that waves propagated according to the steep portion of the group velocity curve would be observed. It is these waves which we call air-coupled flexural waves. 
Since H = 0.66 ft, fa 158 c/s. Agreement with the observed value is good despite the fact that shallow water underlay the ice and that Eq. (4) is based on deep water theory.
The train of dispersive, long-period, flexural waves which follows the air wave on the Lake
Cayuga air-shot is probably due to the fact that the shot was partly in the ice, thus Air-coupled flexural vibrations in rough ice show characteristics similar to those observed for shots in smooth ice. Wave amplitudes build up as the time for the arrival of the air wave is approached. However, the air wave does not arrive as a distinct pulse as is the usual case for smooth ice and some low frequency activity continues after the air wave. Only the microphone trace, in Fig. 7 , registers the exact instant of the passage of the air pulse. Scattering, air-wave echoes, variations in group velocity--all due to irregularities in ice thickness--are believed to be responsible fcr these differences o;, the records obtained ibi rou. ice. A striking feature of the seismogram in Fig. 7 is the recording of a portion of the constant frequency wave train by a microphone located approximately 1 ft above the ice. Records have been obtained in which microphopes have registered even larger portions of air-coupled vibrations. This is indeed confirmation of coupling between ice and air.
As en additional test, a j lb charge was detonated in a tree oi sho-e at a distance of 20 ft froy. the edge of the ice sheet and at a height of 20 ft above the ice surface. Unlike the usual air shot records the seismogram obtained showed no longitudinal ice wave or compressional waier wave. However, the air-coupled flexural waves were almost indistinguishable from those obtained for shot points over ice.
in saveral -ater shots for shot depths ranging from C to 50 ft beneath the bottom of the ice, a brief, faint, yet definite train of air-coupled waves is observed riding on the is larger amplitude flexural waves. Since the shallow shoti blow out, (i.e., the gas bubble breaks out and partially explodes in the air) a partial air wave is set up, inducing a coupled vibration. For the deeper shots which do not blow out it is tentatively suggested that some sound energy enters the air over the shot point by diffraction. Aided by a favorable air velocity gradient, this energy induces a coupled vibration.
INTRODUCTION
In the course of a study of the phenomena associated with the famous explosion of the volcano Krakatoa ' 10 in the Straits of Sunda, the authors noted a simultaneous arrival of an air wave and tidal disturbance it several widely separated locations. While this curious phenomenon had been noticed previously," I it had been passed off as a coincidence; the tidal waves were attributed to non-related earthquakes. It is now the belief of the authors that the simultaneous arrival of an air wave and tidal disturbance resulted from coupling between the atmospheric pressure wave and the ocean.
It is surprising at first o think of coupling between the atmosphere and the ocean especially since the density con.rast between the two media is so great. It can be generally shown, however, that couplinL, between air waves and surface waves of all types is appreciable when the phase velocity of the surface wave is very close to the speed of sound in air.
The existence of air-coupled surface waves was firmly established in the exptrimental studies reported in Part I of this paper. A general explanation of these waves was given on pages 7 and 8 of that part.
In Part 11 the exact theory fcr air-coupled i.exural waves in a floating ice sheet is derived for the case of an implsive point source situated either in the air or in the water beneath the ice.
A complete discussion of the theory of air-coupled gravity waves, with application to the explosion of Krakatoa, is reserved for 'nother paper. 
THE THEORY
Consider the propagation of flexural waves in a plate of infinite extent floating on deep water, the thicknes-of the plate H being small compared to wavelengths considered.
Overlying the plate is an infinite atmosphere having density p,, and sound velocity v s .
The plate has volume densit, P 2 I longitudinal wave velocity vp; the water has density P 3 , sound velocity v . A Cartesian coordinate system is chosen with the x, y axes in the equilibrium plane of the plate and the z axis vertically upward. We will use the coordinates z and r -)/2y
and denov-e the corresponding displacerents by w and q. The subscripts 1. 2. 3 hereafter refer to the air, plate, and water respectively.
SIMPLE HARMONIC POINT SOURCE IN AIR
We wish to determine the vcrtical displacement w of the plate due to the passage of a system of flexural waves which originate in a point source of sound waves at r = 0 and z = d. Particular interest is in the solutions which predominate at large distances from the source. Assuming simple harmonic motion exp(-iwt) we introduce the velocity potentials tf and 03 from which the-component velocities q and ; and the pressure p can be obtained as follows:
It i3 convenient to divide the air into two regions by the plane z = d and to denote values of velocity potential etc. for the rtgion 0 < z < d by primed symbols.
It is required that the functions 4 be solutions of the wave equation:
where 
where v is the velocity of longitudinal waves in the plate, g is the gravitatinnal acceleration, and V4 ftr Equation ( 
The separation constants 77, obtained by substituting Eqs. (10), (11), and (12) in Eq.
(7) are
and are defined as positive real or positive imaginary.
These solutions must satisfy two additional boundary conditions at the plane z d
where the pressure is continuous,
PJB t = p3kj/ t (15)
and the vertical velocity is discontinuous,
the air abo'e and below the plane moving in opposite directions.
The expresqion for t is a general form. t 1 and t 3 have been chosen to decrease exponentially with distance from the plate since we are particularly interested in solutions for which there is no radiation from the plate into the surrounding media.
Five simultaneous linear equations result when Eqs. 
We now generalize the disiontinuity of vertical velocity in the plane z " d by means of the Fourier-Bessel integral
F(\) is chosen to vanish for 11 but infinitesimal values of X in such a manner that (17) through (21) and integrating with respect to k from 0 to , we obtain solutions which satisfy the appropriate conditions at z = 0 and meet the additional requirements for a point source, namely continuity of pressure in the plane z = d and continuity of vertical The solution for a periodic point source is therefore 
and Integrals (26) and (27) are taken around paths C and C' in the first and fourth quadrants respectively (Fig. 8) . G(Z) is obtained from Eq. (Fig. 8) .
For small values of n we can write: 
• (29)
The integrals along the infinite arcs in the first and fourth quadrants vanish because of the well known properties of the Hankel functions. From thf relation H1 (ia) l2 (-tn) it can be seen th-t the last integrals of Eqs. (28) and (29) are equal and opposite in sign.
Since 2Jo(kr) := Hl(kr) + H2(kr), the sum of the first integrals in Eqs. (28) and (29) is equivalent to Eq. 
Since these waves diminish in amplitude as r 1/2 they represent the predominant disturbance at large ranges. Using the expression for phase velocity c = w k we can rewrite Eq. (31)
in a form more convenient for computation:
Equation (41) It is seen that wave amplitudes decrease exponentially as -dk (l -c2/V2)1 / 2
GENERALIZATION FOR AN ARBITRARY PULSE
In a dispersive system, such as the one under discussion, energy associated with each wavelength or frequency is known to propagate with the group velocity given by the familiar expression:
Carrying out the indicated differentiation, using the functional relationship between c and kil given by Eq. (41), enables one to compute values of U which are plotted .n dimensionless form in Fig. 9 .
Having obtained the steady state solution for a simple harmonic point source in the air, we proceed to the case of an arbitrary initial disturbance. If the time variation of the initial disturbance at the source is f(t) represented by its Fourier Transform
and the displacement w becomes:
In Eq. (45), k is a function of w, through Eq. (41). We follow Pekeris in representing the initial disturbance created in an explosion as follows:
With this definition we can write
To evaluate this integral we use Kelvin's approximate method of stationary phase. For a discussion of this method, and the ialidity of the approximations used the reader is referred to papers by Havelock, " Pekeris, 19 and Eckart.
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Integrating Eq. (4) by the method of stationary pnase gives: for a reversal of sign of the phase of the exponential term would have been obtained had we assumed initially a time factor exp(icot) instead of exp(-iwot)). Thus we obtain:
A glance at the phase and group velocity curve in Fig. 9 shows that the approximation used in evaluating Eq. (48) fails at the times t = r/U11m. and t = r/v corresponding respectively to the arrival of waves travelling with a maximum value of group velocity and waves for which y > ^y, where the phase and group velocity are constant.
For the maximum value of group velocity the method of stationary phase can still be used to evaluate Eq. (48) and gives (see Havelock In the region y, < -< co of constant phase and group velocity the method of stationary phase fails to evaluate the integral in Eq. (48) . Waves propagated at a constant value of phase and group velocity are nondispersive, and the signal arriving at I time t = r/v would have the analogous characteristics of a pulse transmitted through a high pass filter with a low frequency cutoff at f. = Tyv/IH " Howzver, the excitation function W(k) is vanishingly small for all f > f., and has appreciable value only at f -f.. Consequently, the resultant signal at t = r/v, would have the characteristics of a pulse transmitted through a sharply tuned bani pnss filter with peak frequency at f = f.. The residue contributes dispersive waves which predominate at large distance since they diminish only as r" / 2 . Equation ( (40) enables one to compute the corresponding amplitudes for a source in the water (Fig. 11) .
21T. H. Havelock. RThe Propagation of Disturbances In Dispersive
Study of these curves for the steady state reveals that a peak amplitude exists for a point source in the air at a frequency f, corresponding to the phase velocity c -v 1 .
For a point source in the water largest amplitudes are associated with low frequency waves.
As the frequency (and phase velocity) increases, wave amplitudes decrease and abruptly drop to zero as the frequency f. is approached.
Generalization of the steady state solutions for an impulsive point source leads to the group velocity curve presented in Fig. 9 . At a distant point waves of a given frequency will arrive at a time corresponding to propagation at the group velocity associated with that frequency. In addition wave amplitudes are proportional to the inverse square root of the slope of the group velocity curve. Referring to Eqs. For an air shot the first waves to arrive appear at the time t = r/2.2v, corresponding to propagation at the maximum value of group velocity. These waves appear with large amplitudes and with a frequency close to f,. As time progresses two wave trains arrive simultaneously corresponding to the two branches of the group velocity curve on either side of the maximum. Waves propagated according to the left branch of the group velocity curve are dispersive and undergo a rapid reduction in amplitude as the frequency decreases from the value f.. Waves propagated according to the steep branch of the group velocity curve to the right of the maximum appear as a constant frequency train continuing to the time t 7 ?/v,. The constant frequency waves would appear with relatively ,arge mplitudes since their frequency f. is close to the peak amplitude frequency. Thus the predominant disturbance appearing in an air shot would consist of a train of constant frequency waves beginning at the time t 7 r/2.2v, and ending abruptly at the time t "" r/v,. At this time an air wave would arrive corresponding to the flat portion of the group velocity curve. For reasons given earli.tr, it would have the characteristics of a pulse transmitted through a sharply tuned band pass filter with perk frequency at fS"
For the case of a water shot the sequence of arrivals would be the sne since the group velocity curve in Fig. 9 is still applicable. However, the amplitudes of the waves differ greatly ( Fig. 13) in that the dispersive waves corresponding to the left branch of the group velocity curve are predominant. A water shot would therefore be characterized by a train of dispersive waves beginning at the time t = r/2.2v i with t frequency slightly less then f.. As time increases, the frequency decreases and the alitude increases. Although the steep portion of the group velocity curve still contributes constant frequency waves, these are now negligibly mall. It is interesting to note that the portion of the group velocity curve to the left of the maximum is identical to that which would have been obtained had we neglected the air and it is this portion of the group velocity curve which is responsible for the predominant waves appearing in a water shot. Thus for frequencies less than f. the dispersion and amplitudes of flexural waves from a water shot are unaffected by the air. It is only for an air shot that a constant frequency train of "aircoupled" flexural waves appears.
APPENDIX
APPLICATIONS OF AIR-COUPLED FLEXURAL WAVES
Air-coupled flexural waves can provide a simple -. ans for determining the thickness of a floating ice sheet. If the elastic constants of the different types of floating ice (i.e., smooth ice, rough ice, lake ice, salt water ice, etc.) in a given area are known, one can obtain the value y. from a curve such as that given in Fig. 5 . This leads to a simple numericul relatio.ship between frequency and average ice thickness between shot point and detector. If the elastic constants are unknown, the observed value of f. can be used to estimate the flexural rigidity of the :Lce sheet. Ordinary caps can provide sufficient energy to obtain average ice thickness over profiles of a few hundred feet to several thousand feet. Larger charges may be needed for larger distances.
Air-coupled flexural waves are particularly adaptable for use with radio monitored geophones parachuted from a plane.
Additional tests are needed to gauge the accuracy of measurements of ice thickness using air-coupled flexural vibrations. Present data suggest that thickness cm be determined to within 10 percent, possibly better. Li r 
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